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ABSTRACT 

In this letter, we propose a new consistent method to revisit tests of the distance- 
duality (DD) relation which related angular diameter distances (Da) to the luminosity 
distances (Dl) in a cosmology-independent way. In order to avoid any bias brought 
by redshift incoincidence between galaxy clusters and Type la Supernave (SNe la), as 
well as to ensure the integrity of the ADDs from galaxy clusters samples, we obtain the 
luminosity distance of one certain SN la point at the same redshift of the corresponding 
galaxy cluster by interpolating from the nearby SNe la. With the observational data 
at the same redshifts of the ADDs from the galaxy cluster sample for the spherical 
model and the corrected luminosity distances interpolated from the Union2 set, we 
find that rj = D L (l + z) 2 /Da = 1 is satisfied within 2a confidence level for various 
parameterizations of f](z), which are more stringent than previous testing results with 
redshift bias. We conclude that the DD relation is compatible with current observations 
of galaxy clusters for the spherical model and the Union2 set of SNe la. 
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1 INTRODUCTION 

The Distance-duality (DD) rela tion, also known as the 
Etherington's reciprocity relation (Etherington 1933), is re- 
lated the angular diameter distance (ADD, Da) to the lu- 
minosity distance (Dl) by means of a single parameter, 



clusters can be obtained l|Silk fc White! 0*9781 ). By using an 
isothermal spherical model for which the hydros tatic equilib- 



rium model and spherical symmetry assumed . iReese et al 



(2002) selected 18 galaxy cluster sample and iMason et al 



n 



Dl_ 

D a 



(l + *)- 2 = l. 



(1) 



This equation is completely valid for all cosm ological models 
based on Riemannian geometry (Ellis 2007). Therefore, the 
DD relation plays an essential role in observation al astro- 
physics and modern cosmolo gy dCsaki et al. 200 2]), such as 
galax y clusters observations l|Lima et al.ll2003l : ICunha et al.l 
120071 ). t he anisotropies of c osmic microwave background 
(CMB) (iKomatsu et al.ll201ll), as well as gravitat ional lens- 
ing studies ^Schneider et al.lll99Sl : iFu et al.ll2008l ). 

In principle, if both Da and Dl of cosmological 
sources at the common redshifts are known, the DD re- 
lation (77 = 1) could be directly tested by means of 
astronomical observations. From Sunyaev-Zeldovich effect 
(|SZE. bunyacv fc Zel'dovichl 19721 ) and X-ray surface bright- 
ness of galaxy clusters, the observational ADDs of galaxy 
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(2001) obtained seven clusters from the X-ray- limited flux 
sample. The measurements of the two samples above have 
been corrected by using an isoth ermal elliptical model t o 
get 25 A DDs of galaxy c l uster s |De Filippis et all [20051 ). 
Recently, iBonamete et al.l (|2006t ) obtained 38 ADD galaxy 
clusters sample by assuming the spherical model. 

lUzan et all J2004I) cons i dered ADDs of 18 galaxy 
cluster sample (1 Reese et al.l |2002| ) to test the DD re- 
lation by assuming the ACDM model via the tech- 
nique, D A luatel (z) = D A x:DM (z)ri 2 (z). They showed that 
no viol ation of the DD re la tion i s only marginally con- 
sistent. |Pe Bernardis et alj l|2006l ) consi dered ADDs of 
38 g alaxy cluster for spherical model l|Bonamete et al] 
120061 ) to test the DD relation by assuming the ACDM 
model. Some other works in context of the ACDM 
model for astr ophysical researc h of th e DD relation can 
be fou nd in IBassett fe Kunzl (l2004al). IBassett fc Kunzl 



d2004bl), iMore et all (I2009I). lAvgoustidis et al 



iHolanda. Lima fc Ribeird ( 2011a ). and Cao 



In order to test the DD relation in a model-independent 
way, one should use measurements of Dl such as Type la 
Supernave (SNe la) directly. By binning ADDs from FRIIb 
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radio galaxies and ultra compact radio sources and Dl of 
SN la data, ? found that the brightening excess of SNe la 
at z > 0.5 could cause a moderate v i olatio n at 2a confi- 
dence level (CL). |Pe Bernardis et alj d2006h binned ADD 
data of galaxy clusters ( Bonamete et al. 20061 ) and the SNe 
la data to find that the validity of r\ — 1 is consistent at 
la CL. However, it is argued that the above tests may 
have been influenced by the part icular choice of redshift bin 
l|Holanda. Lima fc Ribeirdl20ld ). 

Recently, iHolanda. Lima fc Ribeird (l20ld) tested the 
DP relation with two A DD samples l|Bonamete et al.ll2006l ; 
|Pe Filippis et a l. 2005) and the Constitution set of SNe la 
data ( Hicken et al.l l2009). For the biggest redshift difference 
between clusters and SNe la is Az = |z c iutcrs — zsn c | — 0.01 
for three clusters, a selection criteria (Az 0.005) for a 
given pair of data set are used to avoid the corresponding 
bias of redshift differences. With the incomplete spherical 
model sample (|Bonamete et al J 120061 ) in which three ADD 
data have been discarded, they found a strong violation 
(> 3<t) of the DD relation by using two parameterizations 
of r) parameter [rj(z) = 1 + T]iz, and r)(z) = 1 + rj a z/(l + z)]. 

More recently, iLi. Wu fc Yul i|201ll) used the same se- 
lection criteria for given pairs of observational data to re- 
move more data points of the galaxy clusters correspond- 
ing to the Constitution set and found that the DD rela- 
tion could be marginally accommodated at 3a CL for the 
spherical model if the effect of the errors of SNe la con- 
sidered. Additionally, they also examined the DD relation 
for two more general parameterizations [rj(z) = rjo + rjiz, 
and rj(z) = 770 + r)iz/(l + z)] to show that r)(z) = 1 
is compatib le with the spherical model sample and the 
Union2 set l|Amanullah et alj|20"ich at 2a CL. Some recent 
works for t esting the DD relation can be found in, e. ; 
Nair et all d201ll);ICao fc Liang I d201ll);lMeng et alj l|20li 



Holanda. Lima fc Ribeird ^OllbMFu et al l (20T1I ) 



It is obvious that testing results of the DD relation may 
be influenced by the particular choice of the selection crite- 
ria for a given pair of data set. The difference of redshifts 
between pairs of galaxy clusters and SNe la may cause ob- 
vious deviation in testing the DD relation. In principle, the 
only strict criterion to form a given pair is that galaxy clus- 
ters and SNe la locate at exactly the same redshift. At 
other hand, the more stringent selection criteria are used, 
the more data points should be removed. In order to avoid 
any bias of redshift differences between SNe la and galaxy 
clusters and ensure the integrity of observational data pairs, 
we can use the nearby SNe la points to obtain the lumi- 
nosity distance of SN la point at the same redshift of the 
corresponding galaxy cluster; this situation is similar with 
the cosmology-indep endent calibration of GRB relations di- 
rectly from SNe la jLiang et al.ll200Sl ; iLiang. Wu fc Zhang! 
l20ld ; lLiang. Xu fc Zhull201ll ). 

In this letter, we test the DD relation with the Union2 
set in which a sub-sample of SNe la are corrected to the same 
redshifts of the corresponding galaxy clusters sample by in- 
terpolating from the nearby SNe la points with the biggest 
difference of redshifts A,z max = 0.005 for a given pair of data 
set. We focus on the 38 ADDs from galax y cluster sample 
unde r an assumption of spherical model l|Bonamete et al.l 
2006). As we well see, there exists no conceivable evidence 
for variations in the DD relation when current observations 



are confronted, since t)(z) — 1 is significant satisfied at 2a 
confidence level for various parameterizations of rj(z). 



2 DATA ANALYSIS 

In this work, we test the DD relation with the 38 
ADD sample from gal axy clusters for the spherical model 
IjBonamete et a l. 2006) and the Union 2 set which consists 
of 557 SNe la (|Amanullah et al.|[20lb1 ). It is easy to find 
that differences of redshifts between the 38 galaxy clusters 
to the Union2 set are more centered around Az = and the 
biggest value at Az — 0.005 for a given pair of data set; this 
situation can provide the accuracy in the interpolating pro- 
cedure. Therefore, we can obtain the luminosity distance of 
SN la at the same redshift of the corresponding galaxy clus- 
ter by interpolating from the nearby SNe la points with the 
biggest difference of redshifts Az — 0.005 for a given pair of 
data set. Obviously, our method can successfully avoid the 
systematic errors brought by redshift incoincidence of the 
observational data pairs and ensure the integrity of obser- 
vational data pairs. 

If the DD relation is considered be in a redshift- 
dependent form, the ob servation technique gives 
D c ^ uatcI (z) = D A (z)rf{z) (|Cavaliere fc Fusco-Fermia^ol 



1978), therefore, Da(z) must be replaced with 
£)ctaster ( z )r)~ 2 when tested the DD relation consistently 
with the SZE+X-ray observat ions from galaxy clusters 
jHolanda. Lima fc Ribelroll20ld ). The observed rj b s (z) can 
be determined by 



r/obs(z) = (1 + z)' 



rjcorrcctcd 
L 



(2) 



where D^ UBtcI [ s ADD from galaxy cluster at redshift z in- 
side the samples, and £)£ orrGCted j s the corrected luminosity 
distance interpolated from the nearby SNe la points Z)£ Nc . 
In the interpolating procedure, we weighted the SNe data at 
the same redshifts each other 



(3) 



where p,(z) stands for the weighted mean distance mod- 
ulus at the same redshift z with its uncertainty ap = 
V°w- ) _1/ ' 2 - We note that the data points of the Union2 
set are given in terms of the distance modulus, which could 
reduce to the luminosity distance by Dl(z) = 10 M ' Z ) //5-5 . 
Accordingly, the uncertainty of the luminosity distance 
could be expressed as ao L (z) = (In 10/5)Dl(«)(t (j ( z ). 

The DD relation can be tested with the combined ob- 
servational data by the minimum \ 2 method. The total \ 2 
can be given by 



x 2 ( P ) = E 



[v(z;p) -?7obs(^)] S 



(4) 



where r/(p) represents the theoretical value with the param- 
eter set p, and 7/ bs associated with the observational tech- 
nique with its error <r^ obs , which comes from the uncertain- 
ties of ADDs (<td a ) and the corrected luminosity distances 

(cr D corroctod) 



1 T-,clustcr\2 
r/^A ) 



/ 7-. corrected \ 2i 

(5) 
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Parameterization (SN la*) 




Vl/Va 


Xmin 




1+rnz (Union2*) 


Tjl = - 


-0.204±0.215(2er) 


29.00 


0.78 


l+r/iz (Union2) 


VI = - 


-0.228±0.211(2cr) 


29.32 


0.79 


l+t)«ifj (Union2*) 


Va = ~ 


-0.302±0.329(2cr) 


29.24 


0.79 


(Union2) 


Va = ~ 


-0.334±0.333(2cr) 


29.76 


0.80 


I+771Z (Constitution*) 


7/1 = - 


-0.431±0.303(3<r) 


33.10 


0.89 


I+771Z (Constitution) 


m = - 


-0.517±0.286(3ct) 


40.97 


1.10 


l+r]aj^ (Constitution*) 


r)a = - 


-0.664±0.457(3cr) 


32.33 


0.87 


^"^^"TTz (Constitution) 


Va = ~ 


-0.793±0.436(3<r) 


40.46 


1.09 
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Table 1. Fitting results with the 38 ADDs of galaxy clusters 
and the Union2 set and Constitution set, and X m i n (*^ e niinimun 
X 2 ), Xd of (Xm in /dof), for V(z) = 1 + »M and vl*) = 1 + ^ir- 
respectively. The asterisk represents the case with the corrected 
luminosity distance interpolated from the nearby SNe la. 



Figure 1. Galaxy clusters and the corresponding SNe la data 
with the associated error bars. The blue open circles and red 
filled circles stand (1 + z 2 )Da from the galaxy clusters for the 
spherical model and the corresponding corrected from the 
nearby Union2 sub-sample, green ' X ' stand directly from the 
Union2 sub-sample. 



Follow ing iHolanda. Lima fc Ribeirol (|2010l ); iLi. Wu fc Yul 
(2011), we combine the statical an d systematic unce rtain- 
ties of galaxy clusters in quadrature l|D'Agostini.l l2004). The 
asymmetry uncertainti es of galaxy cluster s can be treated by 
an statistical approach l| D ' A gost ini .11 20041 ) . and the topic sys- 
tematic un certainties of galaxy cl usters are around +12.4% 
and -12% jBonamete et al.ll200fj| ). In Figure 1, we plot D A 
data from the galaxy cluster and the corresponding cor- 
rected Dl data from Union2 sub-sample at the same red- 
shifts of galaxy clusters. 



3 RESULTS 

In Figure [2] we show testing results of the DD relation with 
ADDs and the Union2 set by considering one-parameter pa- 
rameterizations [77(2) = 1 + r\\z (Figure [2] Left) and 77(2) = 
1 + T)aZ j (1 + z) (Figure [2] Right)]. For comparison, the case 
with the corrected luminosity distance (£)= orrectod ) interpo- 
lated from the nearby SNe la and the case with the Union2 
set directly (Z)£ Ne ) are given simultaneously. For the case 
with Ducted ^ the begt _ fit values are ??1 = _ .204 ± 0.215 

at 2a CL with xim = 29.00, and r) a = -0.302 ± 0.328 at 2a 
CL with Xmin = 29.24. For the case with the Union2 set di- 
rectly, the best-fit values are rj\ — —0.224 ±0.215 (2a), and 
r\ a = — 0.334±0.215 (2a). In order to compare with previous 
results from the incomplete ADD sample and the Constitu- 
tion set, we also show testing results with complete ADD 
sample and the Constitution set in Figure [3] For the case 
with Df, orrected , the best-fit values are 771 = -0.431±0.303 at 
3a CL with xLin = 33.10, and rji = -0.664±0.457 at 3a CL 
with Xmin = 32.34. For the case with the Constitution set 



directly, the best-fit values are 771 = — 0.517±0.286 (3a), and 
r/ a = -0.793 ±0.436 (3cr). Fitting results with the 38 ADDs 
of galaxy clusters and the corrected luminosity distances of 
the Union2 set and the Constitution set are summarized in 
Table 1. 

Our results of the case with th e Union2 set directl y 
are consistent with those obtained bv lLi. Wu fc Yul 1120111) . 
where 771 = -0.22 ± 0.21 and r] a = -0.33 ± 0.33(2er). From 
comparing to results of the case with the corrected lumi- 
nosity distance and the case with SN la set (the Union2 
set and the Constitution set) directly, we can see a shift 
between the best fit values and the likelihood contours to- 
wards the standard DD relation (77 — ' 1 " :, K 1 " ~ 



1) with lower Xmin for 
using of the interpolating method to obtain £)<j° TTCCtcd . This 
situation shows that the using of the interpolating method 
tend to avoid the corresponding bias of redshift differences 
and make results be more compatible with the DD relation. 
Compared to results of the case with the the Union2 set 
and the case with Constitution set, it is shown that that the 
DD relation of the one-parameter parameterizations with 
the Union2 set for the interpolating method is well satis- 
fied within 2a CL; while the DD relation is inconsistent 
with the Constitution set for both cases at 3a CL. Com- 
pared to previous results with the incomplete ADD sam- 
ple and the Constitution set, our analyses with the com- 
plete spherical model sample (38 ADDs) and the Consti- 
tution set directly are consistent w i th pre vious results ob- 
tained bv lHolanda. Lima fc Ribeirol (2010) with the incom- 
plete spherical model sample (35 ADDs, three points re- 
moved by selection criteria) and the Constitution set, where 
r/i = -0.42 ± 0.34, and r] a = -0.66 ± 0.50 at 3a CL; and 
inconsistent with those obtained by ILi, Wu fc Yul (|201ll ) 
with the incomplete spherical model sample (26 ADDs, 12 
points removed by selection criteria) and the Constitution 
set, where 771 = -0.30 ± 0.34 and i) a = -0.46 ± 0.51(3cr). 
This situation shows that the choice of selection criteria to 
remove ADD points with large bias of redshift differences 
may paly an important role in testing of the DD relation. 
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Figure 2. Likelihood contours with the 38 ADDs of galaxy clusters and the corrected luminosity distances of the Union2 set in the 
771 — Ax 2 plane (Left: for rj(z) = 1 + rj a z), and in the r\ a — Ax 2 plane (Right: for r](z) = 1 + r\ a ). The blue real lines represent the 
case with the corrected luminosity distance interpolated from the nearby SNe la (Union2*), the black dashed lines represent the case 
with the SNe la set (Union2) directly, and the red vertical lines represent rj(z) = 1. 




Figure 3. Likelihood contours with the 38 ADDs of galaxy clusters and the corrected luminosity distances of the Constitution set in 
the 7/1 — Ax 2 plane (Left: for r/(z) = 1 + r] a z), and in the r) a — Ax 2 plane (Right: for 7](z) = 1 + r\ a ). The blue real lines represent 
the case with the corrected luminosity distance interpolated from the nearby SNe la (Constitution*), the black dashed lines represent 
the case with the SNe la set (Constitution) directly, and the red vertical lines represent r](z) = 1. 



4 CONCLUSIONS 

In this letter, we preform a new consistent test for the 
distance-duality relation [r/(z) = Dl(1 + z)~ 2 / Da = 1] in a 
cosmology-independent way. It is obvious that the redshift 
differences of observational samples may cause deviation of 
the DD relation. Testing results from given pairs of data 
set with the corresponding galaxy clusters and SNe la at 
nearby redshift may be influenced by the particular choice 
of the selection criteria; the more stringent selection crite- 
ria are used, the more data points should be removed. In 
order to avoid any bias of difference of redshift and ensure 
the integrity of the ADD samples, we correct the luminosity 
distance of a SN la to the same redshift of the correspond- 
ing galaxy cluster directly from the nearby SN la points. 
With the 38 ADD sample from galaxy clusters under an as- 
sumption of spherical model and the corrected luminosity 
distances of the Union2 set, fitting results of the DD rela- 



tion are r/i = — 0.204T0.215 at 2a CL for parameterization 
77(2) = 1 + Vaz, and rj a = -0.304T0.215 at 2a CL for pa- 
rameterization 77(2) = 1 +i] a j^, respectively. 

Our results show that there exists no conceivable ev- 
idence for variations in the duality distance relation when 
the current SNe la and the complete sample of galaxy clus- 
ters data are confronted, since various parameterizations of 
7/(2) are significant satisfied at 2a CL by using the inter- 
polating method, which are more stringent than those ob- 
tained in lLi. Wu fe Yul i|201ll ), where the DD relation is only 
marginally accommodated at 3a CL for the spherical model 
sample. Compared to previous testing results with redshift 
bias and incomplet e sample, our results are in c onsist ent with 
those obtained in iHolanda. Lima fc Ribeirol (|2010l ) , where 
the spherical model sample give a clear violation of the DD 
relation (> 3a). We conclude that the DD relation is signif- 
icantly compatible with current observations of galaxy clus- 
ters for the spherical model and the Union2 set of SNe la. 
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